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“a policy is time consistent if and only if future planned 
decisions are actually going to be implemented”
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Dynamic stochastic programming context
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• For each node (A,B,C), 
decision maker:

– Defines a multistage 
problem to be solved

• P1, P2(B) and P2(C)

– Obtain 

• Implemented decision

• Planned policy
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Dynamic stochastic programming context
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• For problem P1, 
decision maker obtain:
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Dynamic stochastic programming context
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• For problem P1, 
decision maker obtain:

– Optimal solution of all 
nodes (A,B and C)

• Implemented decision
– x(A)

• Planned decisions
– y(B) and y(C)



Análise de Sensibilidade
Petróleo Brasileiro S/A

Dynamic stochastic programming context
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• Given the 
implemented decision 
x(A).

• Given uncertainty 
realization B

• Decision maker solves 
P2(B) and obtains:
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Dynamic stochastic programming context
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• Given the implemented 
decision x(A):

• Given uncertainty 
realization B

• Decision maker solves 
P2(B) and obtains:

• The implemented 
decision
– x(B)
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Dynamic stochastic programming context

Slide 9

• Given the 
implemented decision 
x(A).

• Given uncertainty 
realization C

• Decision maker solves 
P2(C) and obtains:
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• Given the implemented 
decision x(A).

• Given uncertainty 
realization C

• Decision maker solves 
P2(C) and obtains:

• The implemented 
decision
– x(C)
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Dynamic stochastic programming context
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• Time consistency 
requires

x(B) = y(B)

x(C) = y(C)
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Objectives

To characterize modeling simplifications in the planning step, in
contrast to the model used in the implementation step, as a
possible source of time inconsistency

Slide 12



Análise de Sensibilidade
Petróleo Brasileiro S/A

Stochastic Dual Dynamic Programming

 Uncertanties:

→ Inflows: Ω𝑡 = {1,2, … , 𝑁𝑡} each with probability 𝑝𝑡,𝜔.

 Sampling one scenario 𝜔𝑡 ∈ Ω𝑡:

 𝒬𝑡+1 𝑣𝑡 =  𝜔∈Ω𝑡+1
𝑝𝑡+1,𝜔 𝑄𝑡+1 𝑣𝑡, 𝑤𝑡+1,𝜔 .
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𝑄𝑡 𝑣𝑡−1, 𝑤𝑡,𝜔 = min
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1(𝑣𝑡)

Subject to:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔: (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡, 𝑓𝑡 ∈ 𝒳𝑡 .

𝑦𝑡 =

𝑣𝑡

𝑢𝑡

𝑠𝑡
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Forward step
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𝑚𝑖𝑛
𝑔𝑡,𝑦𝑡,𝑓𝑡,𝛼𝑡+1

𝑐𝑡𝑔𝑡 + 𝛼𝑡+1

Subject to

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1
𝑚

+ 𝑤𝑡,𝜔

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

⊤
𝑣𝑡 − 𝑣𝑡

𝑘
; ∀𝑘 ∈ 𝒦 𝑚

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝑡 .

1 2 T-1

𝒗𝒕
𝒎

𝒕=𝟏

𝑻−𝟏

𝒗𝟏
𝒎

𝒗𝟐
𝒎 𝒗𝑻−𝟏

𝒎
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Backward Step
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 𝑄𝑡
𝑚

𝑣 𝑡−1 , 𝑤𝑡,𝜔 = 𝑚𝑖𝑛
𝑔𝑡,𝑦𝑡,𝑓𝑡,𝛼𝑡+1

𝑐𝑡𝑔𝑡 + 𝛼𝑡+1

Subject to:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1
𝑚

+ 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔
𝑘

)

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

⊤
𝑣𝑡 − 𝑣𝑡

𝑘
; ∀𝑘 ∈ 𝒦 𝑚

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝑡 .

1 2 T-1

𝒗𝟐
𝒎

𝒗𝑻−𝟏
𝒎

𝒘𝑻,𝟏

𝒘𝑻,𝝎

𝒘𝑻,𝑵𝑻

𝒘𝟐,𝟏

𝒘𝟐,𝝎

𝒘𝟑.𝑵𝒕

𝒘𝟑,𝟏

𝒘𝟑,𝝎

𝒘𝟑,𝑵𝒕

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,𝜔 , 𝜋𝑇,𝜔
(𝑚)

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,1 , 𝜋𝑇,1
(𝑚)

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,𝑁𝑇
, 𝜋𝑇,𝑇

(𝑚)

 𝒬𝑡+1
𝑚

𝑣𝑡
𝑚

=  

𝜔∈Ω𝑡

𝑝𝑡,𝜔
 𝑄𝑡

𝑚
𝑣 𝑡−1 , 𝑤𝑡,𝜔

 𝜋𝑡+1
𝑚

=  

𝜔∈Ω𝑡

𝑝𝑡,𝜔  𝜋𝑡,𝜔
𝑘

𝒗𝟏
𝒎
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Stopping Criterion
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𝑯𝟎: 𝝁𝟏𝟏𝟎𝟎 = 𝝁𝟏𝟐𝟎𝟎

𝚫𝐋𝐁 < 𝟏%

1000 1100 1200 SDDP 

iteration

B
o
u

n
d

s
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Framework
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min
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1
𝑝𝑙𝑎𝑛

(𝑣𝑡)

Subject to
𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡)
= 𝑣𝑡−1 + 𝑤𝑡,𝜔; (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝑡
𝑖𝑚𝑝

.

min
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1
𝑝𝑙𝑎𝑛

(𝑣𝑡)

Subject to
𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡)
= 𝑣𝑡−1 + 𝑤𝑡,𝜔; (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝑡
𝑝𝑙𝑎𝑛

.

Implementation Model Planning Model
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Planning Step in 𝑡

 Solve SDDP using a planning model (simplified)

tt t+1

min
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1
𝑆 (𝑣𝑡)

Subject to:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔; (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡, 𝑓𝑡 ∈ 𝒳𝑡
𝑆.
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Planning Step in 𝑡

 Obtain the recourse function for 𝑡 + 1

tt t+1

min
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1
𝑆 (𝑣𝑡)

Subject to

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔; (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡, 𝑓𝑡 ∈ 𝒳𝑡
𝑆.

Slide 19
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Implemented

Policy

𝑚𝑖𝑛
𝑔𝑡,𝑦𝑡,𝑓𝑡

𝑐𝑡𝑔𝑡 + 𝒬𝑡+1
𝑆 (𝑣𝑡)

Subject to:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔; (𝜋𝑡,𝜔)

𝑦𝑡 , 𝑔𝑡, 𝑓𝑡 ∈ 𝒳𝑡
𝐷 .

Implementation step in 𝑡

 Uses the recourse function (simplified) for 𝑡 + 1 and
implements the first stage decision using a detailed model.

tt t+1

Slide 20
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Planning Step in 𝑡 + 1

 Solve SDDP using a planning model (simplified)

tt t+1

min
𝑔𝑡+1,𝑦𝑡+1,𝑓𝑡+1

𝑐𝑡+1𝑔𝑡 + 𝒬𝑡+𝟐
𝑆 (𝑣𝑡+1)

Subject to:

𝐴𝑡+1𝑔𝑡+1 + 𝐵𝑡+1𝑦𝑡+1 + 𝐶𝑡+1𝑓𝑡+1 = 𝑑𝑡+1

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡 + 𝑤𝑡+1,𝜔; (𝜋𝑡+1,𝜔)

𝑦𝑡+1, 𝑔𝑡+1, 𝑓𝑡+1 ∈ 𝒳𝑡+1
𝑆 .

t+2

Slide 21
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Planning Step in 𝑡 + 1

 Obtain the recourse function for 𝑡 + 2

tt t+1 t+2

Slide 22

min
𝑔𝑡+1,𝑦𝑡+1,𝑓𝑡+1

𝑐𝑡+1𝑔𝑡 + 𝒬𝑡+𝟐
𝑆 (𝑣𝑡+1)

Subject to:

𝐴𝑡+1𝑔𝑡+1 + 𝐵𝑡+1𝑦𝑡+1 + 𝐶𝑡+1𝑓𝑡+1 = 𝑑𝑡+1

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡 + 𝑤𝑡+1,𝜔; (𝜋𝑡+1,𝜔)

𝑦𝑡+1, 𝑔𝑡+1, 𝑓𝑡+1 ∈ 𝒳𝑡+1
𝑆 .
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min
𝑔𝑡+1,𝑦𝑡+1,𝑓𝑡+1

𝑐𝑡+1𝑔𝑡 + 𝒬𝑡+𝟐
𝑆 (𝑣𝑡+1)

Subject to:

𝐴𝑡+1𝑔𝑡+1 + 𝐵𝑡+1𝑦𝑡+1 + 𝐶𝑡+1𝑓𝑡+1 = 𝑑𝑡+1

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡 + 𝑤𝑡+1,𝜔; (𝜋𝑡+1,𝜔)

𝑦𝑡+1, 𝑔𝑡+1, 𝑓𝑡+1 ∈ 𝒳𝑡+1
𝐷 .

Implementation step in 𝑡 + 1

 Uses the recourse function (simplified) for 𝑡 + 2 and implements the first stage
decision using a detailed model.

tt t+1 t+2
Implemeted

policy

Slide 23
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Uncertainty in inflow realization in the implementation step

tt t+1 t+2

Slide 24

𝒫({𝒬𝑡+1
𝑝𝑙𝑎𝑛

} 𝑡=1
𝑇 , {𝒳𝑡

𝑖𝑚𝑝
} 𝑡=1

𝑇 , {𝑤𝑡,𝜔} 𝑡,𝜔=1
𝑇,𝑀 ).
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Simulating the implemented policy
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Fast algorithm – Forward Step
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𝑚𝑖𝑛
𝑔𝑡,𝑦𝑡,𝑓𝑡,𝛼𝑡+1

𝑐𝑡𝑔𝑡 + 𝛼𝑡+1

Subject to:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1
𝑚

+ 𝑤𝑡,𝜔

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

⊤
𝑣𝑡 − 𝑣𝑡

𝑘
; ∀𝑘 ∈ 𝒦 𝑚

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝐷
𝑡 .

1 2 T-1

𝒗𝒕
𝒎

𝒕=𝟏

𝑻−𝟏

𝒗𝟏
𝒎

𝒗𝟐
𝒎 𝒗𝑻−𝟏

𝒎
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Fast Algorithm – Backward Step
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 𝑄𝑡
𝑚

𝑣 𝑡−1 , 𝑤𝑡,𝜔 = 𝑚𝑖𝑛
𝑔𝑡,𝑦𝑡,𝑓𝑡,𝛼𝑡+1

𝑐𝑡𝑔𝑡 + 𝛼𝑡+1

sujeito a:

𝐴𝑡𝑔𝑡 + 𝐵𝑡𝑦𝑡 + 𝐶𝑡𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1
𝑚

+ 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔
𝑘

)

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

⊤
𝑣𝑡 − 𝑣𝑡

𝑘
; ∀𝑘 ∈ 𝒦 𝑚

𝑦𝑡 , 𝑔𝑡 , 𝑓𝑡 ∈ 𝒳𝑆
𝑡 .

1 2 T-1

𝒗𝟐
𝒎

𝒗𝑻−𝟏
𝒎

𝒘𝑻,𝟏

𝒘𝑻,𝝎

𝒘𝑻,𝑵𝑻

𝒘𝟐,𝟏

𝒘𝟐,𝝎

𝒘𝟑.𝑵𝒕

𝒘𝟑,𝟏

𝒘𝟑,𝝎

𝒘𝟑,𝑵𝒕

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,𝜔 , 𝜋𝑇,𝜔
(𝑚)

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,1 , 𝜋𝑇,1
(𝑚)

 𝑄𝑇
𝑚

𝑣 𝑇−1 , 𝑤𝑇,𝑁𝑇
, 𝜋𝑇,𝑇

(𝑚)

 𝒬𝑡+1
𝑚

𝑣𝑡
𝑚

=  

𝜔∈Ω𝑡

𝑝𝑡,𝜔
 𝑄𝑡

𝑚
𝑣 𝑡−1 , 𝑤𝑡,𝜔

 𝜋𝑡+1
𝑚

=  

𝜔∈Ω𝑡

𝑝𝑡,𝜔  𝜋𝑡,𝜔
𝑘

𝒗𝟏
𝒎
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 The inconsistency gap is:

𝐺𝐴𝑃 =
1

𝑀
 

𝑡=1

𝑇

 

𝜔=1

𝑀

𝑐𝑡
⊤𝑔𝑡,𝜔

𝐷 −
1

𝑀
 

𝑡=1

𝑇

 

𝜔=1

𝑀

𝑐𝑡
⊤𝑔𝑡,𝜔

𝑆

 There exists the possibilitity that the gap is due to a sampling error:

 
𝐻0: 𝜇

𝐷 = 𝜇𝑆

𝐻1: 𝜇
𝐷 ≠ 𝜇𝑆

 The null hypothesis is accepted if 0 ∈ [𝐺𝐴𝑃 ± 1.96 ⋅ (
𝑆𝐷
2+𝑆𝑆

2

𝑀
)]

Time Inconsistency Gap
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Simplification Example – Kircchoff’s Voltage Law

 Simplified model 𝒳𝑡
𝑆 :

𝒳𝑡
𝑆 = 𝑦𝑡 , 𝑔𝑡, 𝑓𝑡
𝑉 ≤ 𝑣𝑡 ≤ 𝑉

𝑈 ≤ 𝑢𝑡 ≤ 𝑈

𝑆 ≤ 𝑠𝑡 ≤ 𝑆

𝐺 ≤ 𝑔𝑡 ≤ 𝐺

−𝐹 ≤ 𝑓𝑡 ≤ 𝐹}.

 Detailed model 𝒳𝑡
𝐷 :

𝒳𝑡
𝐷 = 𝒳𝑡

𝑆 ∩ 𝑦𝑡 , 𝑔𝑡, 𝑓𝑡, 𝜃𝑡 𝑓𝑡 = 𝑆𝜃𝑡 .
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System

 𝑇 = 60. (Last 12 periods are discarded).

 D = 100MWh.

Slide 30

Thermal
Generator

c
R$/MWh

𝑮
MW

𝑮𝟏 20 100

𝑮𝟐 100 55

Hydro
Generator

𝑽
𝒎𝟑

𝑼
𝒎𝟑

𝑯 150 80

TL From To 𝑭
MW

Reactance
(pu)

𝟏 1 3 100 1

𝟐 2 3 65 0.5

3 1 2 25 1
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GAP
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GAP:  MMR$174.4
GAP confidence interval: MMR$[174.05 174.55]
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Stored energy
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Thermal Generation 𝐺2
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Spot price
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min 𝑐𝑡
𝘛𝑔𝑡 + 𝐶𝐼𝑚𝑏𝛿 + 𝛼𝑡+1

𝐴𝑐𝑔𝑡
𝑐 + 𝐵𝑐𝑢𝑡

𝑐 + 𝐶𝑐𝑓𝑡
𝑐 + 𝜙𝑡

𝑐+ − 𝜙𝑡
𝑐− = 𝑑𝑡; ∀𝑐 ∈ 𝒞

𝑣𝑡
𝑐 + 𝑢𝑡

𝑐 + 𝑠𝑡
𝑐 + 𝑀 𝑢𝑡

𝑐 + 𝑠𝑡
𝑐 = 𝑣𝑡−1 + 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔

𝑐, 𝑚
); ∀c ∈ 𝒞

𝑓𝑡
𝑐 = 𝑆𝑐𝜃𝑡

𝑐; ∀𝑐 ∈ 𝒞

𝑣𝑡
𝑐 ≤ 𝑉;∀𝑐 ∈ 𝒞

−𝑍𝑙
𝑐𝐹𝑙 ≤ 𝑓𝑡

𝑐 ≤ 𝑍𝑙
𝑐𝐹𝑙; ∀𝑐 ∈ 𝒞

𝑔𝑡 − 𝑔𝑡
𝑐 ≤ 𝑍𝑔

𝑐𝑅𝑔; ∀𝑐 ∈ 𝒞

𝑢𝑡 − 𝑢𝑡
𝑐 ≤ 𝑍𝑢

𝑐𝑅𝑢; ∀𝑐 ∈ 𝒞

𝛿 ≥ 𝜙𝑡
+𝑐 + 𝜙𝑡

−𝑐; ∀𝑐 ∈ 𝒞

Simplification Example – Security Criteria
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𝐴𝑔𝑡 + 𝐵𝑦𝑡 + 𝐶𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔
𝑚

)

𝑓𝑡 = 𝑆𝜃𝑡

−𝐹 ≤ 𝑓𝑡 ≤ 𝐹

𝑔𝑡 ≤ 𝐺, 𝑢𝑡 ≤ 𝑈,𝑣𝑡 ≤ 𝑉

Pre-Contingency Post-Contingency

Subject to:

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

+  

𝑐∈𝒞

 𝜋𝑡+1
𝑐, 𝑘

⊤

𝑣𝑡 − 𝑣𝑡
𝑘

; ∀𝑘 ∈ 𝒦 𝑚

Cut
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min 𝑐𝑡
𝘛𝑔𝑡 + 𝐶𝐼𝑚𝑏𝛿 + 𝛼𝑡+1

𝐴𝑐𝑔𝑡
𝑐 + 𝐵𝑐𝑢𝑡

𝑐 + 𝐶𝑐𝑓𝑡
𝑐 + 𝜙𝑡

𝑐+ − 𝜙𝑡
𝑐− = 𝑑𝑡; ∀𝑐 ∈ 𝒞

𝑣𝑡
𝑐 + 𝑢𝑡

𝑐 + 𝑠𝑡
𝑐 + 𝑀 𝑢𝑡

𝑐 + 𝑠𝑡
𝑐 = 𝑣𝑡−1 + 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔

𝑐, 𝑚
); ∀c ∈ 𝒞

𝑓𝑡
𝑐 = 𝑆𝑐𝜃𝑡

𝑐; ∀𝑐 ∈ 𝒞

𝑣𝑡
𝑐 ≤ 𝑉;∀𝑐 ∈ 𝒞

−𝑍𝑙
𝑐𝐹𝑙 ≤ 𝑓𝑡

𝑐 ≤ 𝑍𝑙
𝑐𝐹𝑙; ∀𝑐 ∈ 𝒞

𝑔𝑡 − 𝑔𝑡
𝑐 ≤ 𝑍𝑔

𝑐𝑅𝑔; ∀𝑐 ∈ 𝒞

𝑢𝑡 − 𝑢𝑡
𝑐 ≤ 𝑍𝑢

𝑐𝑅𝑢; ∀𝑐 ∈ 𝒞

𝛿 ≥ 𝜙𝑡
+𝑐 + 𝜙𝑡

−𝑐; ∀𝑐 ∈ 𝒞

Simplification Example – Security Criteria
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𝐴𝑔𝑡 + 𝐵𝑦𝑡 + 𝐶𝑓𝑡 = 𝑑𝑡

𝑣𝑡 + 𝑢𝑡 + 𝑠𝑡 + 𝑀(𝑢𝑡 + 𝑠𝑡) = 𝑣𝑡−1 + 𝑤𝑡,𝜔: (  𝜋𝑡,𝜔
𝑚

)

𝑓𝑡 = 𝑆𝜃𝑡

−𝐹 ≤ 𝑓𝑡 ≤ 𝐹

𝑔𝑡 ≤ 𝐺, 𝑢𝑡 ≤ 𝑈,𝑣𝑡 ≤ 𝑉

Pre-Contingency Post-Contingency

Subject to:

𝛼𝑡+1 ≥  𝒬𝑡+1
𝑘

𝑣𝑡
𝑘

+  𝜋𝑡+1
𝑘

+  

𝑐∈𝒞

 𝜋𝑡+1
𝑐, 𝑘

⊤

𝑣𝑡 − 𝑣𝑡
𝑘

; ∀𝑘 ∈ 𝒦 𝑚

Cut

𝓧𝒕
𝒑𝒍𝒂𝒏 𝓧𝒕

𝒊𝒎𝒑
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System

 𝑇 = 60. (Last 12 periods are discarded).

 D = 100MWh.

 Using 𝒏 − 𝟏 in transmission lines only.
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Thermal
Generator

c
R$/MWh

𝑮
MW

𝑮𝟏 20 100

𝑮𝟐 100 55

Hydro
Generator

𝑽
𝒎𝟑

𝑼
𝒎𝟑

𝑯 150 80

TL From To 𝑭
MW

Reactance
(pu)

𝟏 1 3 100 1

𝟐 2 3 70 1

3 1 2 30 1
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GAP
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GAP:  MMR$1761.8
GAP confidence interval: MMR$[1737.9 1785.8]
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Stored energy

Slide 39



Análise de Sensibilidade
Petróleo Brasileiro S/A

Thermal Generation 𝐺2
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Load shedding
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Spot price
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Stored Energy in the Brazilian Southeast Subsystem in 2012
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Inflow Energy in the SE Subsystem
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Inflow Energy in the SE Subsystem
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Different from the usual, security criteria such as
𝒏 − 𝟐 were constantly being implemented in the
system in 2012. And in the presence of storms,
security was reinforced and security criterion 𝒏 − 𝟑
was implemented.
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