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NESTED FORMULATION

inf +E inf JE2) +E|- - +E inf ,
i85, fi(z1) gt ) fa(z2,&2) + [ITEX(;DT—lvﬁT) fr(zr éT)]H
> £ =(&,...,&r) is the stochastic process

v

fr: R xR SR t=1,...,T, are continuous functions
» z, e R™, t=1,...,T, are the decision variables

> X, R x R = R g =1, ..., T, are measurable, closed valued
multifunctions
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NESTED FORMULATION

inf xz1) +E
orBh, f1(z1)

inf &) +E|---+E
IZGXIQD(ILEZ)h(Iz £2) [

fT(vagT)]:H

inf
zpEX(zp_1,8T)

v

&= (&,...,&r) is the stochastic process

v

ft($t7£t) = Ctht +Z§Ri(wt)7 t= 17 .. '7T

» o, e R™ t=1,...,T, are the decision variables

v

Xt(ﬁﬂtfhgt) = {It e R"M-1: Bixy1 + Ay = bt}7
t=2,....T
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MULTISTAGE STOCHASTIC LINEAR PROGRAMS - T-SLP

NESTED FORMULATION

min crwl +E min c;zz +E|---+E| min c}—xT]
Ajzy=by Baz+Agzp=bs Braep_1+Apzp=bp
x1>0 x9>0 x>0

> Some elements of the data & = (¢, By, A, bt) depend on uncertainties.
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MULTISTAGE STOCHASTIC LINEAR PROGRAMS - T-SLP

NESTED FORMULATION

s T . T . T

min ¢, z1+E min cy o2 + E -+ E min cpxT

Aqjwy=by L 181 | Byt L Aqwo=by 2 1€12) 1€ 1) [BTxT,lJrATzT:bT 7]
x120 x9>0 x>0

> Some elements of the data & = (¢, By, A, bt) depend on uncertainties.
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T
QT(:L'Tfl, €[T]) = min C;wT
Brzr_1+Arar=br
x>0
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T
o : T
QT(xT?l’g[T]) ' BTxT—lrilngl‘T=bT erer
zp >0
> At stagest=2,..., T —1
. T
_ = E
Qi(we—1,&) Btzt—ﬂl}}tzt:bt ¢ o+ Kigy, [Qt+1($t7€[t+1])]

x>0
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T
— ~ T
QT(wT?l’g[T]) ' BTxT—lrilngl‘T=bT erer
x>0
> At stagest=2,..., T —1
. T
_ = E
Qi(we—1,&p) e, R ce Tt Bigy [Qev1 (e, Epr1))]

x>0

> Staget =1
min ¢ z1 + E[Qa(z1,£2)]

Ajx1=by
2120
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DYNAMIC PROGRAMMING FORMULATION

. T
min ¢, x1 + Qa(x1,&[))
A1xz1=b1
x>0

RECOURSE FUNCTION

Qes1(we, &) = Egy,y [Qer1 (2, €retny)]

COST-TO-GO FUNCTION

py—— 3 T
Qi(we—1,&) Bya, R Gt Qit1(ze, &)
x>0
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OPTIMALITY CONDITIONS
> Let ft(ZCt, ft) = C:Jﬁt —+ deit (l't)

> ﬁt(f[t]) € D(mt 1(£ ) §[75])

> D(Zt—1(p—1)),&y) is the set of Lagrange multipliers of

Py—— 3 T
Qi(re—1,€p) : o, R Gt Qev1(we, )
xy >0

THEOREM
Under some assumptions (e.g. finitely many scenarios and polyhedral fi).

A feasible policy T+(&y)) is optimal iff there exists measurable 7 (&),
t=1,...,T, such that

0 € Ofe(@e(€)), &) — Af 7)) — Bl [Beya T (i)

fora.e. §yandt=1,...,T.
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OPTIMALITY CONDITIONS
» Let ft(.fbt, §t) = c;ra:t + ’Lmit (.Tt)

> ﬁt(f[t]) € D(QSt 1( ) f[t])

> D(Z¢—1(€—-1)),&y) is the set of Lagrange multipliers of

— 3 T
Qu@e—1 &) = min - co 2t Qi (@, En)
24>0

THEOREM
Under some assumptions (e.g. finitely many scenarios and polyhedral fi).

A feasible policy &.(&y) is optimal iff there exists measurable 7 (&),
t=1,...,T, such that

0 € Ngne (Z2(&p0)) +ce = A7) = Brey (B e (€pyn)

forae &y andt=1,...,T.
Svan 2016



SCENARIO TREES

>

Assume that the stochastic process £ = (&1,...,&r) has a finite number
K of realizations
Each realization (sequence) is called a scenario £* = (£%,..., &%)

Each scenario ¢ = (€1, ...,£%) has a probability p; > 0 associated

The value of a given scenario £° at stage t is denoted a node of the tree
The set of all nodes at stage t is denoted by €,

The total number of scenario is K = Q7|

We sometimes use the short hand ¢ to denote a node: ¢ € Q;

The ancestor of a node ¢ € Q; is a(t) € Q1

The set of descendants (children) of a node ¢ € §; is denoted by C,
Qi1 = Uen,C,and C,NCr =0 if o £ 4

S8 is the set of all scenarios passing through node ¢

The probability of node ¢ is p{*) := P[S]

2 if g = a(t)

Conditional probability pe, = ey

The probability of reaching a node ¢ € € is

(¢)

P = PuyeaPiger - Prpqu = P[S(L)}' }VAN 2016



NESTED FORMULATION

LINEAR CASE

min CIZI +E min C;Iz +E |- -+ E[ min c;zT]
Aqmq=bq Boxq+Apwo=bo Brap_1+Apep=bp
x12>0 x9>0 zp >0
LINEAR CASE + SCENARIO TREE
min c;rm1+ Z Plig min c;rzg + Z Puorg | + Z pLT—ILT[ min cp
Aqmq=bq P Bowxq+Agwo=by 150, P Brap_14+Apep=bp
x1>0 x9>0 x>0

}VAN 2016



NESTED FORMULATION

LINEAR CASE

min CIZI +E min C;Iz +E |- -+ E[ min c;zT]
Ajzy=bq Bozq+Agzg=by Bragp_q+Apep=by
x12>0 x9>0 zp >0
LINEAR CASE + SCENARIO TREE
min c) x1+ Z Pl min cog T + Z Prot e 4 Z Prp_qtL [ min c
Ajwy=by = 2 |Bowi+Agzo=by =N 23 2o TEVT Bpep g +Apep=bp
@1 >0 9 >0 T zp >0
Ops! I forgot to name the nodes...
. T . Lo T
aominelait S ey | o omin e ead 3 s [+
1@1=b1 15 €00 By2wq+A 2 wg=by 15€0,
£1>0
> 29>0
. vp T
et X pepiqer o min v ST T
' EQ BT eqp_y+AL ap=b.]

e >0 Svan 2016



EQUIVALENT DETERMINISTIC

Denoting &;* = (¢;?, B;?, Aj*, bi*) we can rewrite the above problem as

. T T o 13T ¢ ep T
min ey + Xipen, pl2)ei2 Tal2 4 2izeqz p8)ed 1ol 4.t Yipen pUT) e il
st Ajag =b
L L L L
By2zy 4+ A2 122’( ) =b52 Vig € O
L al(t L L L
Bydwg 3 +  APgad =13 Vi3 € Qg
vp a(ep) v B
Bl w1 + AfFa T =vF vop € Qp
This is a LP!
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EQUIVALENT DETERMINISTIC

min
s.t.

Denoting &;* = (¢;?, B;?, Aj*, bi*) we can rewrite the above problem as

T LT ¢ 3T ¢ ep T
c1 21 T Xiea, pl2)ei2 Tal2 4 2izeqz p8)ed 1ol 4.t Yipen pUT) e il
Ajaq = by

L L L L
By2zy 4+ A2 122’( ) =b52 Vig € O
L al(t L L L
Bydwg 3 +  APgad =13 Vi3 € Qg
vr aleq) vp o .
Bl w1 + AfFa T =vF vop € Qp
This is a LP!
Example:

» Suppose T = 12, each node ¢; € €, has 4 children nodes
This gives 4'' = 4,194, 304 scenarios.
» Suppose each z; € R1°, ¢t =1,...,12

The number of variables of the above problem is approximately 4.59 x 108!
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T

L . . ¢ T
Qr(xr-1,&1)) = min cr TT
Byt 4 AL er=by,
2 >0
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T

L . . ¢ T
Qr(zr_1,¢[1)) = min cr xT
Byt 4 AL er=by,
>0

> At stagest=2,..., T —1

L : LT j j
Qi(xe-1,8) == i Gt T + E pY I:Qt+1($t7€[]t+1]):|
Bix, | +Ajze=b} jec,
24>0
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DYNAMIC PROGRAMMING FORMULATION

> Staget =T

L . . ¢ T
Qr(xr-1,&1)) = min cr TT
Byt 4 AL er=by,
2 >0

> At stagest=2,..., T —1

. . LT j j
Quler-rséi)i= - min e Taet 3799 Quualon )]

Bix, | +Ajze=b} jec,

z¢>0
> Staget =1
min ¢ 21 + Z P [Q2(x1,5)]
Ajx1=by
£1>0 LeCy

}VAN 2016



DYNAMIC PROGRAMMING FORMULATION

> Staget =T

L . . ¢ T
Qr(xr-1,&1)) = min cr TT
Byt 4 AL er=by,
2 >0

> At stagest=2,...,T -1

Qarg) = min  oTo+ Y P | Qua(en )]
Bia{ )+ Ajwi=b jec,
24>0
> Staget =1
Amln ol T+ Z D Qz (z1,85)]
L eCy
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DYNAMIC PROGRAMMING FORMULATION
> Staget =T

. T
Qr(zr—1,&1)) = min cr T
BLai) + Ao r=bt.
T>0

» At stagest=2,..., T —1

Qi(w—1,&y) = min ¢ e+ Quyrlae, &fy)

i) ey

x>0

Qt+1($t, §[t] Z p(J) [Qt+1($t, 13 t+1]):|

JEC,

> Staget =1
min clT.rl + Qa(x2,€))

Ajx1=b1
21>0

Cutting-plane approximation
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ASSUMPTIONS

> The set of nodes {2; has finitely many elements

» the problem has recourse relatively complete

The last hypotheses is made only for sake of simplicity!
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CUTTING-PLANE APPROXIMATION
> Staget =T

k . T
Qr(xr_1,&m)) = min cr xT
Brazk | +Apzp=br
zp >0

» At stagest=2,...,T—1

min ctTast + ri41
b 1 2>0,7441
&(wt*hé_[t]) = s.t. Bt$i€71 + Atﬂiz = bt
J J R
Tip1 > oy + BT =1,k

> Staget =1

. T
min C1 X1+ 72
k 120,72

s.t. Az =by
r2>ay+ B j=1,..,k Svan 2016

[
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CUTTING-PLANE APPROXIMATION

> At stagest=2,..., T —1

min el w4 Tt4+1
& 120,744
&(xt—hg[t]) = s.t. Btwf,1 -‘r_ Ay = by ()
T4l > aerl +5§+1$t .] = 17"'7k (/)])
» Cuts (t=1T)
ok = Eep [brnh] and B = —E‘ngl[B;wi]

» Cuts (t=T—1,...,2)

k
af = E‘gt_l[bjwf —|—Za§+1p{€] and BF = —E‘ét_l[BtTﬂ'f]

j=1
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NESTED DECOMPOSITION - (NESTED L-SHAPED METHOD)

» J.R. Birge (1985).

IT HAS TWO MAIN STEPS:

» Forward that goes from ¢ = 1 up to ¢ = T solving subproblems to
define policy ¥ (&:).
> In this step an upper bound z* for the optimal value is determined.

» Backward that comes from ¢ = T up to ¢t = 1 solving subproblems to
compute linearizations that improve the cutting-plane approximation.

> In this step a lower bound z* is obtained.

STOPPING TEST

» The Nested decomposition stops when
zF — 2% < Tol.

» In this case z¥ is a Tol-solution to the T-SLP.
Svan 2016



FORWARD AND BACKWARD STEPS

—>
X e
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ALGORITHM - NESTED DECOMPOSITION

STAGES t = 2, ..., T — 1
min e wy + Tt41
& 420,74
&(zt—lﬁg[t]) = S.T. B,,.'I:i‘:;] + Aixy = by (m¢)
repr > oy F B J=1000k (pg)

» Step 0: inicialization. Define k = 1 and add the constraint vy = 0 in all LPs Qt,
t=2,...,T —1. Compute gl and let its solution be z%

> Step 1: forward. For t=2,...,T, solve the LP Q¢ to obtain :v]tc = z’:(f[t]) Define
sk T T, .k
28 =B e 2]

> Step 2: backward. Compute a’% and ﬁ,lfm Set t = T. Loop:
> While t > 2
> tt—1
> solve the LP Q¢ (zf_, &)
» Compute af and Bf

Compute gk and let its solution be x’f"’l.

> Step 3: Stopping test. If zk 7516 < ¢, stop. Otherwise set k < k + 1 and
g0 back to Step 1. }VAN 2016



NESTED DECOMPOSITION - ITERATIVE PROCESS

Q11 ACQe T

AQ0 2

1S 1
/

. T
> mina; e, =, ¢ €1 + Qa(x2,&p))
x>0
—1,e

> Qt+1(xt7€[t]) = E\&[t] [Qt+1(1’t7§[t+1])] for t=1,...,T

Oryi(zr, &) =0
> Qi(xt—1,&) = min ez + Qir1(xe, &) st. Birea ;f—é%ﬂt =b; ~>VAN 2016



NESTED DECOMPOSITION - ITERATIVE PROCESS

AQt T

A9t 12
Q°
Q 1+2

A9+
QF,(—1 /
]
]
| f
/ \

\ f |

]

|

N
e

N —
X1 —M Xi42

-M

. T <
> mina, e, =, ¢ €1 + Qa(x2,€p))
x1>0

> Qt+1($t,£[t]) = ]E\{[t] [Qt+1(xt7§[t+1])] for t = ]-> v 7T 1 ) €

Ory1(zr,&m) =0
> &(wt—lyg[t]) = min C;I—It + Qt+1($t7€[t]) s.t. Btl’t_l + Atﬁt = bt '}VAN 2016
x>0



NESTED DECOMPOSITION - ITERATIVE PROCESS

Q1,141 A Q02 AT Q

~0 40 6 U.T
Lt / Ceo | V| ST Q7

foo ‘ |

h ! i

/ | \\ | f

| | |

/ | \\ | I

/I \\/ II

- o b .
—M x{ 4 —M —M X -M X

Forward step
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A

ACtre2

| Q.11
0
Qf / Ot 142

I I e
—M

Q71

0
Qr,71

i

Backward step
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NESTED DECOMPOSITION - ITERATIVE

PROCESS

A%t Qts2 A AQ 7
Q11 iz i Q71 e le

/ ]

|
. [

| \

| \ .' *
| \\ |I

[
/ \ |

e
. al -
o . - 1
M, -M M X, M
Backward step
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NESTED DECOMPOSITION - ITERATIVE

PROCESS

lQ‘va‘” Qt 142 9567—1 VO T
Qi / Qrey2 Q71 Q?_T
f
/ |
f
/ ' \\ /
/ \ ,
\
~ / \ /
s i
- e
VETPe M M X, M A
Backward step
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NESTED DECOMPOSITION - ITERATIVE PROCESS

Qut41 Q1,142 191 QT
0 0 i) !
Q11 O t42 | NS fo g
| |
f
]
i
N ' '
f \
|
II \ /
~ \
o,
o
ks i N
- .
i i
=M X -M AT Xt,1—1 -M X{T
Backward step
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A

196.14-1 an,m-z AQ.féT—w AQiT
Q, Qtry2 [ QT Q7 -
/ \
|
.f' \
—M M M

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A9t Q1,142
Qv
=t,t+2
]

0
Qr 1
|

A

=
o -
o g~
M X M Wiis 7 M
Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE

PROCESS

JlQ'BJH JKQE,'” 9167*1 A Q1 7
Q141 O 142 ! Qp,r_1 Q,D‘T
I
|
N 4 '
]
/
] |
|
| /
~ /
_—
o+ + . +
’
—M x{_\H -M X i Xra —M

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A9+ 19042 Q71 AT
N QY QY 0
142 | N = QT
/ \

’ |
|

|
| |

|
|
|
|

I
Xt 142

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

j\Q-é,t-H y Qa,m—z QIOT—W Qi r
Q141 / Qtrr2 | Q11 (ar
| \ '
| \
\ | *
|
/ |
.\ |
|
. \ .
—t + . + o+
] 1
—M Xt —M Xt 142 7 Xerdl —M Xr,r)&
Backward step
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A 96,14-1 AQE’,HZ nQréT—w 0}
Q41 Qi i1z | Qr_1 -
[
| ]
N | \ |
| |
N ]
//
ol - . e .
\\ - ~ — = —
—M b M Xt i / Xr-1  —M XLTK
‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

lQé,r+1 Q142 Q.71 Yarp
Qi1 Q t12 i . 71 a8
/
!
N \ '
| |
| |
I
\ f
- . b —_
B ~ i —F T
—M X t41 —M /r[,rfz 7 / X1  —M XP,T&
‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A9 A9 2 A< VO T
0 QY Qb ot
Ct.r42 S g
|
i
|
f

\ .
) S

’ 7( I = "]
-~ / Xtr-1 -—-M Xt,T)&

L

e
M /;H

‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE

A

4 9t

Q142
0
Q142

PROCESS

4 Q.71

L
0
g

AQi T

44//

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A

4 Qt,t41

0
Q‘H‘—1

492

0
Qr.r+2

-M

e o 7

Forward step
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NESTED DECOMPOSITION - ITERATIVE PROCESS

e AL 2 Q71 AQuT
0 0 i) :
(U Qt ty2 | Q11 Qf;
|
]
| i
|
N \ [ |
\ ' |
|
l} ]
[

17 s P al— 4
M X?/,z AT X{% M )&

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

At

Qr,t42
0
iz

AT AQeT
Qo T

i
Qeroa

\

-+ e
> Xr’/r[1

i
Xr/{rz

‘ Forward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

Of St

Qt,t42

AQT

Qt, 71

s
Xy

;/

7 Xr}zl

=M X /\

—M

‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A

Q71
b
2

.| = ol
T X 5

QT

~0
Qr

‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

A

anrn an,rJrz 916771
Q141 <, Qroa
N \
4\
-t
e sl ri il 1 wim m: =
M o [ ] X fho X
‘ Backward step ‘
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NESTED DECOMPOSITION - ITERATIVE PROCESS

ACt Qr t42 Qr, 71
A0 0 o)
L Q42 Qr_1
[

=1

QT

™~ ~
1 ] = | Pl B
T ~7 - - rd - .. = — - +
M K hy Xi/dz s XF?A M %\
‘ Backward step ‘

> Figures by Vincent Guigues.
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CONVERGENCE ANALYSIS

ASSUMPTIONS

> The set of nodes 2 has finitely many elements, t = 1,...,T
> the problem has recourse relatively complete (for simplicity, only)
> the feasible set, in each stage t = 1,...,7T, is compact

LEMMA
Qf(xtfl,f[t_l]) S Qt(wtfl,f[t_l]) \4 Tt—1 and YVt = 27 e ,T

THEOREM

The Nested Decomposition converges finitely to an optimal solution of the
considered T-SLP.

}VAN 2016



